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1. INTRODUCTION AND PRELIMINARIES:
Sayyed [15] notified Fuzzy metric space and sequel of common fixed-point theorem using
property E.A. which was the enhancement of papers of many researchers and authors whose
developed the theory of fuzzy sets and its applications. The initiating of  concept of fuzzy
set was in year 1965 by Zadeh [22] after that in year 1968 Zadeh [23], Gupta et.al [10], Mane
and Sayyed [12], Sayyed [15]. Grabeic [5] and also some other result of literature such as
Vasuki [20], Gregori and Sapena [07], Gupta and Mani [9] and EI = Naschie M.S., [3]
Gupta,et.al.[10] , Soni and Shukla [18], Beg et.al.[1] and  Shrivastava et.al. [17] had
worked in it.
In this review we have used the definitions, lemmas and proved results namely  Schweizer,
[16] for basic definition of continuous triangular norm (t-norm), fuzzy metric space (FMS)
for Kramosil & Michalek, [11]. Using the concept of Grabiec [5] theorem which was the
extension of fixed-point theorem of Banach [1] to fuzzy metric space in sense of Kramosil
and Michalek [11].
Now we give some important definitions and lemmas that are used in sequel,
Definition 1.4 (Grabiec, [5]) A sequence {X,} in a fuzzy metric space (X, M, *) is said to be
convergent to x € X if tll_)nc:lo MXn, x,t)=1Vt>0.
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Definition 1. 5 (Grabiec, [5]) A sequence {Xa} in a fuzzy metric space (X, M, *) is called
Cauchy Sequence if r{l_{go (Xn+p, Xn, t) =1V t>0 and each p > 0.

Definition 1.6 (Grabiec, [5]) A fuzzy metric space (X, M, *) is said to be complete if every
Cauchy sequence in X converges in X.

EXAMPLE 1.1 (Gregori et al., [6]) Let (X, d) be a bounded metric space with d (x, y) <k
forall x, y € X. Let g : R" — (k , o) be an increasing continuous function. Define a function

M as

d (x,y)
g’

Then ( X, M, *) is a fuzzy metric space on X where * is a Lukasievicz t-norm, i.e, * (a, b) =
max {a+b-1, 0}.

LEMMA 1.2 If there exists k € (0,1) such that M (x, y, kt) > M (x, y, t) for all x, y € X and

M y,t)=1-

t € (0, ), then x=y.
In our result, we define a class @ of all mappings & : [0 ,1] — [0 ,1] satisfying the following
conditions:
(1) & 1s increasing on [0,1], and
(1) &t)>t,VtE (0, 1] and E(t) =tifand only if t = 1.
Now in the next part we have put on a theorem for complete fuzzy metric space (CFMS), for
picking up some fixed-point theorem results by cooperation of ration type expression.
2. MAIN RESULTS
THEOREM 2.1. Let (R, S,*) be a complete fuzzy metric space (CFMS) and z is a mapping
In R with
S (za,za',bb") > E{A (a,a’,b")} - (A)
Where,
A (a,d’,b") —
S(a',za' b")[1 + S(a,za,b']) S(a,za,b")[1+ S(@’, za’b’,)}
1+ S(a,a’, b ’ S(a,a’, b")

...(B)

Min {S(a, a',b"),S(a,za,b"),S(a’,za’,b"),

forall a,a' ER, § € @ and be (0, 1), Then z has a unique fixed point.
PROOF: Setup a sequence {an} in R, where a is any arbitrary point in R such that
zan = ap+] for alln € N.
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Now professing that sequence {an} is a Cauchy Sequence. Let us take a = ap-1 and b = a, in

equation (A), we get

S(an) dn+1y bb’) = S(Zan—li za, bb’) > E) {A(an—l; dy, b,)} T (C)
From equation (B), we have
7\' (an—li an' b’) =

Min { S(a,—1,a,,b"),S(a,, za,, b"),S(a,_1,za,_1,b"),

S(an-1,2z0an_1,b" )1+ S(ay, za,, b")] S(ay, za,, b")[1+ S(an_1,za,_4, b')}

’ S(an_1,an,b") ’ 1+ S(a,_1,an b")
f S(an—l' an, b,) [1 + S(an' An+1s b,) \
S(a,_4,a,,b"),S(a,,a,..,b"),S(a,_1,a,,b"), ,
. ! ( n—-14%n ) ( n “n+1 ) ( n—-1 %n ) S(an—pan:b’) l
= Min e )
| S(an—ll an+1ib )[1 + S(an—llanrb ) |
k 1+ S(an_1,an,b") J

Or
= Min{s(an—lf anf b,), S(anl an+1; b,): S(an—ll anl bl)' S(an—l' an, b,)' S(an—ll an+1' b’) }

Now if S(a,, an4+1,b") <S(a,—_1,an,b"), then from equation (C), we can simply write

S(an» Ap+1, bb,) = i {S(an: An+1s b,)} > S(an: An+1s b,)

From Lemma 1.2. Now suppose,
S(a,, ans1, b') > S(ay—1,an, b") Then again from equation (C),

S(an» Ap+1, bb,) = i {S(an—lt an, b,)} > S(an—lt an, b,)

Now by simple induction, for all n and b' > 0, we get

’ br
S(an, Gar, D) = 5(a 0, 725)
(D)

Now for any positive integer r, we have
N> b\ %* br
S(anr Antr b ) =S an, Ans1 - S An+p-1 An+p) T
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Using equation (D), we get

br br
S(a,, apir, b") > S(an, a, rb_") oLk S(a, a, ”7)
Taking lim, we get
n—oo
lim S(a,, a,;,,b") =1 ... (BE)
n—-oo
This implies {as} is a Cauchy sequence, therefore there exists a point u' € Rsuch that

lim a, =u’. Declaration that u' is a fixed point of z.

n—-oo

Considering

S, zu',b") > S(zap,,zu',b") * S, a,yq,b) > {A(an,u’,f—;)} * S, apg1, b")
..(F)

Applying equation (b), we explain that

y br\ _
A(an,u,g)—

b’ b' ,

b’ b’ b’ S(ur.zu',—) 1+S(a Za ,—) LIATS] ( ' ,b_)

Mi S (an; u’, _) ) S (anl Zan; _) ) S (u” Zu’, _) , 2b [ n4tns S(an'zan'Zb)[ +S|lu',zu 2D ]
mn 2b 2b 2b 1+S<a o b_’) ) S( ,ﬂ)

™= 2b an,u 2b

Taking lim in above, we get

n—-oo

b/ 12 [b, b; / [b,
. Y , , br , , br S(ul,zul,ﬁ)[1+s(u ,ZU ,ﬁ)] S(ul,zul,ﬁ)[1+s(u ,ZU 'E)]
MiniS(u,u,—),Stu,zu,—),S(u, zu, ,

2b 2b 2b M(u/’u/’f—;) ’ M(u/,u/,%)
=S (u' zu' ﬂ)
! "2b
Hence from equation (F), we get
b b
S(u',zu',b") > 2’;{5 (u', zu’, i)} * s(apep,u,b") > S (u', zu’, ;) * S(aps,u’,b)
..(G)
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Taking lim in equation (G) and using Lemma 1.2, we get
n—->oo
zu'=u'".
For proving its uniqueness we have to show that u' is a unique fixed point. Taking reverse that

u' is not a unique fixed point then taking another point z' in R such that zz' = z' . Supposing

S(z',u',b") = S(zz',zu', b") > &{7\ (Z" u' bl)}

b

1
..(H)

v

Applying equation (B), see that

b’ b’ b\ S (u',zu’,%) [1 +S (z’, zz’,%)] S (z’, 77’ %) [1+S (u’,zu

= Min<§ (z’, u’,g> ,S (z’,zz',z> ,S <u’,zu’,g), b , b
1+S(Z’,u',F) S(Z’,UI,F>

y v o\ S(ww g s (2,25 s (22,5 s (w5 )
= MiniS(z,2,—),S|v, u',— |, S|z, u,—]), 7 ) 7

b b b r b )

1+S zu,y S A~
.. . . b b b

This implies that either A (z', u, ?’) =lorA (z', u, ?’) = S(z’, u, ;’)

Using it in equation (H) we get z' = u'. Its prove that u' is a unique fixed point of Z'.
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