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Abstract
This paper presents a comprehensive examination of eigenvalues and eigenvectors within the
context of covariance matrices and their foundational role in Principal Component Analysis
(PCA). Beginning with rigorous mathematical definitions, we develop the theory of spectral
decomposition of symmetric positive semi-definite matrices, demonstrating why covariance
matrices always possess real, non-negative eigenvalues and orthogonal eigenvectors. We then
derive the PCA algorithm from first principles, establishing the connection between variance
maximization and eigenvector computation. Numerical methods for eigendecomposition —
including the Power Iteration, QR Algorithm, and Singular Value Decomposition — are
discussed with complexity analyses. Applications spanning image compression, genomic data
analysis, finance, and natural language processing are explored. We also address practical
challenges including the curse of dimensionality, handling missing data, kernel extensions
(Kernel PCA), and incremental PCA for streaming data. Experimental results on benchmark
datasets validate theoretical claims. This paper serves as both a theoretical reference and a
practical guide for researchers and practitioners leveraging spectral methods in machine learning
and statistics.
Keywords: Eigenvalues, eigenvectors, covariance matrix, principal component analysis, spectral
decomposition, dimensionality reduction, variance maximization, singular value decomposition,
kernel PCA.

1. Introduction
The analysis of high-dimensional data is one of the most pervasive challenges in modern science,
engineering, and machine learning. As datasets grow in both volume and complexity, the ability
to extract meaningful structure from noise becomes increasingly important. At the heart of many
dimensionality reduction and exploratory data analysis techniques lies a profound mathematical
concept: the eigenvalue decomposition of the covariance matrix.
Eigenvalues and eigenvectors have been studied since the 18th century, with foundational
contributions from FEuler, Lagrange, and Cauchy. However, their statistical relevance was
crystallized by Karl Pearson in 1901, who introduced Principal Component Analysis as a method
for finding the "lines and planes of closest fit" to a system of points in high-dimensional space.
Harold Hotelling later formalized PCA in the statistical framework familiar to modern
practitioners.
The covariance matrix occupies a central position in multivariate statistics: it encodes all
pairwise linear relationships among variables. The eigendecomposition of this matrix reveals
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orthogonal directions — the principal components — along which the data varies most. This
decomposition is both mathematically elegant and computationally tractable, enabling its
application across domains ranging from genomics and neuroscience to finance and computer
vision.
This paper is organized as follows. Section 2 provides rigorous mathematical foundations for
eigenvalues, eigenvectors, and covariance matrices. Section 3 derives PCA from the perspective
of variance maximization. Section 4 discusses numerical algorithms for computing
eigendecompositions. Section 5 explores diverse real-world applications. Section 6 addresses
practical and advanced considerations. Section 7 presents experimental validation, and Section 8
concludes.
2. Mathematical Foundations
2.1 Eigenvalues and Eigenvectors
Let A be an n X n square matrix over the field of real numbers. A non-zero vector v € R» is
called an eigenvector of A if there exists a scalar A € R (or C) such that:
Av=4Av
Here, A is the eigenvalue corresponding to eigenvector v. Geometrically, this equation expresses
the fact that applying the linear transformation A to v merely scales v by the factor A, without
changing its direction (or reversing it if A < 0). The set of all eigenvectors corresponding to a
particular eigenvalue A, together with the zero vector, forms a subspace of R» called the
eigenspace of A.
To find the eigenvalues of A, we rearrange the equation as (A — Al)v = 0. For a non-trivial
solution (v # 0) to exist, the matrix (A — Al) must be singular — that is, its determinant must be
Zero:
det(A — 1) =0
This equation is known as the characteristic equation or characteristic polynomial of A.
Expanding the determinant yields a degree-n polynomial in A, called the characteristic
polynomial p(A). The n roots of p(A) (counting multiplicity, and possibly complex) are the
eigenvalues of A. For each eigenvalue A, the corresponding eigenvectors are found by solving
the homogeneous system (A — Al)v = 0.
2.2 Properties of Symmetric Matrices
A matrix A is symmetric if A = AT. The Spectral Theorem for symmetric real matrices
guarantees two fundamental properties that are crucial for statistical applications:
First, all eigenvalues of a real symmetric matrix are real. This is proven by supposing Av = Av
with v € Cn, and taking the conjugate transpose to show that A must equal its own conjugate,
hence is real. Second, eigenvectors corresponding to distinct eigenvalues are orthogonal. If Av: =
Mvi and Avz = hv2 with A1 # A2, then viTva = 0. This orthogonality is essential for the
interpretability of principal components.
The Spectral Theorem further asserts that any real symmetric n x n matrix A can be diagonalized
by an orthogonal matrix Q:

A4=0407
where A = diag(A1, Az, ..., Ay) is a diagonal matrix of eigenvalues and Q = [qi1 | Q2 | ... | qu] 1S an
orthogonal matrix whose columns are the corresponding orthonormal eigenvectors. This
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decomposition is called the eigen-decomposition or spectral decomposition of A.
2.3 The Covariance Matrix
Consider a dataset of m observations of n-dimensional random variables, represented as an m X n
data matrix X, where each row x; € R» is an observation. The sample mean vector is:
w=(1/m) % x;

The centered data matrix is X = X — 1uT, where 1 is the m-dimensional all-ones vector. The
sample covariance matrix is the n X n matrix:

X=(1l/(m—1) XTX
The (i, j)-th entry of X is the sample covariance between the i-th and j-th features. The diagonal
entries X; = Var(X) are the sample variances. The covariance matrix is always symmetric (since
% = Zj) and positive semi-definite: for any vector z € R, z'¥z > (. This ensures all eigenvalues
of X are non-negative — a key property exploited by PCA.
Table 1: Key Properties of Covariance Matrices and Their Implications

Property Mathematical Statement Implication for PCA
Symmetry =2t Real eigenvalues guaranteed
Positive Semi-Definite zZ2z>0Vz Non-negative eigenvalues;
valid variances

Spectral Decomposition 2 =QAQT Orthogonal principal
components

Trace equals total variance tr(X)=Zi M Variance is conserved under
PCA

Frobenius norm IZ|> F=Z2 Measures spread of

eigenvalue spectrum

Table 1: Summary of covariance matrix properties relevant to PCA.
2.4 Geometric Interpretation
The eigendecomposition of a covariance matrix admits an elegant geometric interpretation. The
eigenvectors of £ define a new coordinate system aligned with the principal axes of the data's
ellipsoidal distribution. The corresponding eigenvalues quantify the extent of spread (variance)
along each axis. When the data cloud is visualized as a multivariate Gaussian distribution, the
iso-density contours form ellipsoids whose axes are the eigenvectors of X scaled by the square
roots of the eigenvalues (the standard deviations along each principal direction).
This geometric picture makes clear why PCA finds the directions of maximum variance: it is
equivalent to rotating the coordinate system to align with the natural axes of the data distribution.
The first principal component (PC1) aligns with the longest axis of the ellipsoid, the second with
the next longest orthogonal axis, and so on.
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3. Principal Component Analysis: Derivation from First Principles
3.1 The Variance Maximization Objective
The central goal of PCA is to find a linear projection of the data that maximizes the retained
variance. Let w € R» be a unit vector (||w|| = 1). The projection of the centered data onto w yields
a scalar for each observation: yi = w'Xi. The variance of these projections is:
Var(Y) =wlXZw
We seek the direction w* that maximizes this variance subject to the constraint |[w|| = 1. Using
Lagrange multipliers, we introduce the Lagrangian:
Liw, ) =wl2w — Awhw — 1)
Setting the gradient with respect to w to zero:
OL/ow =22w — 2w =0 = Zw =w
This is precisely the eigenvalue equation for X! The optimal direction w* is an eigenvector of X,
and the maximized variance equals the corresponding eigenvalue A. Since we want to maximize
variance, w* is the eigenvector corresponding to the largest eigenvalue A1. This eigenvector is the
first principal component.
3.2 Successive Components via Deflation
To find subsequent principal components, we apply a process of deflation. After extracting the
first principal component qi, we project the covariance matrix onto the subspace orthogonal to
qi. The residual covariance matrix is:
21=2—/k q: QIT

The second principal component q. is the eigenvector of X1 corresponding to its largest
eigenvalue, which equals the second largest eigenvalue A» of X. By the orthogonality of
eigenvectors of a symmetric matrix, ¢ L q: automatically. This deflation process is equivalent to
maximizing the variance of the projection of the residual data — the data with the first
component removed.
More generally, the k-th principal component qx is the eigenvector of X corresponding to the k-th
largest eigenvalue A«. The principal components are orthogonal: gi'q; = 0 for 1 # j. Collected as
columns, they form the orthogonal matrix Q = [q: | g2 | ... | qn], the same matrix appearing in the
spectral decomposition £ = QAQT.
3.3 The PCA Algorithm
The complete PCA procedure can be summarized in the following steps:

1. Standardize the data: center each feature by subtracting its mean, and optionally scale by

dividing by its standard deviation.
2. Compute the n x n sample covariance matrix X = (1/(m—1)) XTX.
3. Perform eigendecomposition of X to obtain eigenvalues A1 > 212> ... > A, > 0 and
corresponding eigenvectors qi, gz, ..., On.

4. Select the top k eigenvectors to form the projection matrix W =[qu | ... | qx] € R™k,

5. Project the data: Z =X W € R™*, The columns of Z are the principal component scores.
3.4 Explained Variance and Component Selection
The fraction of total variance explained by the k-th principal component is:

EVR k=4/(1+ 22+ .. +4)=k/trl)

The cumulative explained variance ratio (CEVR) for the first k components is the sum of the
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individual EVRs. Practitioners typically select k such that the CEVR exceeds a threshold such as
85%, 90%, or 95%. Another widely used heuristic is Kaiser's criterion, which retains only
components with eigenvalues greater than 1 (when working with correlation matrices, i.e.,
standardized data). The scree plot — a graph of eigenvalues in decreasing order — provides a
visual aid: the "elbow" in the plot suggests a natural cutoff point.
Table 2: Example Eigenvalue Analysis on a 5-Variable Dataset

PC Eigenvalue = Variance % Cumulative % Retained?
PC1 3.42 68.4% 68.4% Yes

PC2 0.91 18.2% 86.6% Yes

PC3 0.38 7.6% 94.2% Optional

PC4 0.21 4.2% 98.4% No

PC5 0.08 1.6% 100.0% No

Table 2: Eigenvalue breakdown showing that the first two PCs capture 86.6% of total variance.
4. Numerical Methods for Eigendecomposition
4.1 The Power Iteration Method
The Power Iteration (or Power Method) is the simplest algorithm for finding the dominant
eigenvector (the one corresponding to the largest eigenvalue) of a matrix. Starting from a random
initial vector bo, the algorithm repeatedly applies the matrix A and normalizes:
bk+1 :A bk/HA ka
Under mild conditions (the dominant eigenvalue must be strictly larger in absolute value than the
second largest), this sequence converges to the eigenvector qi corresponding to Ai. The
convergence rate is governed by the ratio |A2/A1|: the smaller this ratio, the faster the convergence.
Power iteration is simple to implement but only finds one eigenvector at a time. Subsequent
eigenvectors can be found through deflation. For large sparse matrices with a well-separated
dominant eigenvalue, power iteration is practical and efficient.
4.2 The QR Algorithm
The QR algorithm is the standard method for computing all eigenvalues and eigenvectors of a
dense symmetric matrix and is used in most numerical linear algebra software. The basic
(unshifted) QR iteration starts with Ao = A and at each step computes a QR factorization and
reverses the factors:
Ar = Or R (OR factorization)
Awr1 = R Ok (reverse multiply)
The sequence {Ax} converges to the Schur form of A (upper triangular for real matrices,
diagonal for symmetric ones). For a symmetric matrix, the diagonal entries of the limiting matrix
are the eigenvalues and the accumulated product QoQ:...Qx converges to the eigenvector matrix.
With shifts (e.g., the Wilkinson shift), convergence is typically cubic for symmetric matrices.
The time complexity of the full QR algorithm on an n x n symmetric matrix is O(n*), which is
feasible for small to medium n but becomes prohibitive for very large n.
4.3 Singular Value Decomposition (SVD)
For PCA, practitioners often prefer to work with the Singular Value Decomposition (SVD) of the
centered data matrix X directly, rather than first forming the covariance matrix. The SVD of X €
Rmxn ig:
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X=USpr
where U € R™m and V € R™® are orthogonal matrices, and S € R™ is a diagonal matrix with
non-negative entries 61 > 62 > ... > o, > 0 (where p = min(m,n)) called singular values. The
connection to PCA is immediate: the columns of V are the principal component directions
(eigenvectors of X), and the singular values relate to eigenvalues by A = 6i#/(m—1). The principal
component scores are the columns of XV = US. Using the SVD avoids forming the nxn
covariance matrix explicitly and is numerically more stable, especially when m << n. The
truncated SVD, computing only the top k singular triplets, reduces complexity to O(mnk).
4.4 Randomized SVD
For massive datasets where even the truncated SVD is too slow, randomized algorithms provide
approximate solutions with theoretical guarantees. The randomized SVD of Halko, Martinsson,
and Tropp (2011) computes a low-rank approximation via random projections: sample a random
matrix Q € Rxk*) compute Y = XQ (the range sketch), orthonormalize Q via QR factorization
of Y, and compute the SVD of the small matrix B = QTX. This reduces the complexity of the
dominant computation from O(mn-k) to O(mn-log(k)), making PCA feasible on matrices with
millions of rows.
S. Applications of PCA and Eigenanalysis
5.1 Image Compression and Eigenfaces
One of the most visually compelling applications of PCA is in image analysis. A grayscale image
of size pxq pixels can be represented as a vector of pq dimensions. Given a dataset of m facial
images, PCA on the mxpq data matrix yields eigenvectors called eigenfaces. Each eigenface
captures a mode of variation across the training images. The original images can be
approximately reconstructed from a small number k << pq of eigenfaces, achieving significant
compression. The reconstruction quality improves monotonically as k increases, with the squared
reconstruction error equal to the sum of the discarded eigenvalues: Zi-«1 Ai. This eigenface
framework, introduced by Turk and Pentland (1991), became foundational in early computer
vision and face recognition systems.
5.2 Genomics and Bioinformatics
Modern genomic studies routinely involve datasets with tens of thousands of features (single
nucleotide polymorphisms, gene expression values) measured across hundreds or thousands of
samples. PCA is indispensable for quality control, population structure analysis, and
visualization. In genome-wide association studies (GWAS), the top principal components of the
genotype matrix serve as covariates to correct for population stratification — the confounding
effect of genetic ancestry on disease association signals. Patterson, Price, and Reich (2006)
developed a formal framework (EIGENSTRAT) grounding this approach in the eigenanalysis of
the genetic covariance matrix. The top few PCs of human genetic data often cluster individuals
by geographic ancestry with remarkable fidelity.
5.3 Finance and Portfolio Analysis
In quantitative finance, PCA is applied to the covariance matrix of asset returns. The top
eigenvalues and eigenvectors of the return covariance matrix have direct economic
interpretations. The dominant eigenvector typically represents the market mode — a portfolio
that moves uniformly with the overall market (analogous to the S&P 500 index). Subsequent
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eigenvectors often correspond to industry sector effects. This decomposition underlies risk factor
models: by projecting asset returns onto the top k principal components, portfolio managers can
identify systematic risk factors and construct factor-neutral portfolios. The residual covariance
(from the discarded eigenvalues) represents idiosyncratic risk. Random Matrix Theory (RMT)
provides a principled way to separate true signal eigenvalues from noise eigenvalues, with the
Mar cenko-Pastur distribution serving as the null model for purely random data.
5.4 Natural Language Processing
Latent Semantic Analysis (LSA), introduced by Deerwester et al. (1990), applies SVD to the
term-document matrix — a matrix X where Xj; is the (TF-IDF weighted) frequency of term i in
document j. The top k singular vectors capture latent semantic topics: the left singular vectors
represent terms in topic space, the right singular vectors represent documents in topic space, and
the singular values indicate the importance of each topic. LSA was a precursor to modern topic
models (LDA) and word embedding methods (Word2Vec, GloVe). The -eigenanalysis
perspective reveals why LSA handles synonymy and polysemy: semantically related terms
cluster along the same singular vectors even if they rarely co-occur.
5.5 Signal Processing and Neuroscience
In electrophysiology and neuroimaging, PCA is used to decompose multi-electrode recordings
into independent spatial modes. For EEG data (recordings from multiple scalp electrodes), the
eigenanalysis of the spatial covariance matrix yields spatial filters that separate signal from
noise. Independent Component Analysis (ICA) extends this by seeking non-Gaussian rather than
uncorrelated components, but its initialization and deflation procedures rely on PCA as a
whitening step. In functional MRI (fMRI), PCA is used to identify functional networks — sets of
brain regions whose activity co-varies — and to denoise data by discarding low-variance
components.

6. Advanced Topics and Practical Considerations
6.1 Kernel PCA
Standard PCA is limited to detecting linear structure in the data. Kernel PCA (Schélkopf, Smola,
and Miiller, 1998) extends PCA to nonlinear manifolds using the kernel trick. Given a feature
map ¢: R* — Z (mapping data into a high- or infinite-dimensional feature space), the covariance
matrix in Z1is £_¢ = (1/m) Z; o(xi)¢(xi)". Rather than computing this explicitly, we work with the
mxm kernel matrix K where Kjj = k(xi, Xj) = (@(xi), ¢(X;)). The eigenvectors of the centered
kernel matrix provide the principal components in the feature space. Common kernels include
the RBF (Gaussian) kernel k(x,y) = exp(—|[x—y|[*/20?), polynomial kernels, and the sigmoid
kernel. Kernel PCA can unroll complex manifolds that linear PCA cannot, making it suitable for
image segmentation, novelty detection, and nonlinear dimensionality reduction.
6.2 Robust PCA
Classical PCA is sensitive to outliers because the covariance matrix and the squared loss
objective weight outliers heavily. Robust PCA addresses this by decomposing the data matrix as
X =L + S, where L is a low-rank matrix (capturing the principal structure) and S is a sparse
matrix (capturing outliers or corruptions). The Principal Component Pursuit algorithm (Candes et
al., 2011) solves this decomposition via convex optimization, minimizing the nuclear norm of L
plus the £: norm of S subject to X = L + S. This framework has applications in video surveillance
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(separating a static background from moving foreground objects), medical imaging, and network
anomaly detection.
6.3 Incremental and Online PCA
When data arrives in a streaming fashion or is too large to fit in memory, batch PCA is
infeasible. Incremental PCA (IPCA) processes data in mini-batches, updating the principal
components as new data arrives. The core challenge is maintaining orthonormality of the basis
while incorporating new information. Algorithms such as Brand's incremental SVD update
(2002) and the CCIPCA algorithm (Weng et al., 2003) achieve O(nk) update cost per new
sample, where k is the number of components retained. These methods are essential for real-time
applications such as online anomaly detection in sensor networks and adaptive compression in
edge computing.
6.4 The Curse of Dimensionality and High-Dimensional PCA
In the modern "large p, small n" regime (many features, few samples), classical PCA breaks
down. When n/m — ¢ > 0 as n, m — oo (the asymptotic regime studied by Marchenko and
Pastur), even the eigenvalues of purely random data deviate from zero. The sample covariance
matrix is a noisy estimate of the population covariance, and the top sample eigenvectors can be
almost orthogonal to the true population eigenvectors. This phenomenon, analyzed by Johnstone
and Lu, motivates sparse PCA — enforcing sparsity in the eigenvectors via {1 penalties — and
regularized covariance estimation (e.g., shrinkage estimators such as the Ledoit-Wolf estimator).
Sparse PCA provides more interpretable components and better finite-sample performance in
high dimensions.
6.5 Connections to Other Methods
PCA is intimately connected to several other foundational methods in machine learning and
statistics. Linear Discriminant Analysis (LDA) performs eigenanalysis of the ratio of between-
class to within-class scatter matrices, seeking directions that maximize class separability rather
than total variance. Factor Analysis (FA) models the data as a product of a low-rank factor
loading matrix and latent factors, with an additional noise term; unlike PCA, FA assumes a
specific generative model. Multidimensional Scaling (MDS) with the Euclidean distance metric
yields the same solution as PCA applied to the centered Gram matrix. Autoencoders with linear
activations and no regularization learn the same subspace as PCA, connecting the matrix
decomposition perspective to neural network-based representation learning.

7. Experimental Validation
7.1 Reconstruction Error as a Function of Components
We validated the theoretical reconstruction error formula on the MNIST handwritten digit
dataset (70,000 images, each 784-dimensional). After mean-centering and applying PCA, the
reconstruction error (mean squared error per pixel) decreases as a function of the number of
retained components k according to the theoretical prediction: MSE(k) = (1/n) Zis+i® Ai. With
k=50 components (6.4% of the original dimension), the MSE is approximately 0.012 and the
images remain visually recognizable. With k=150 components, the MSE drops to 0.003 and
images are nearly indistinguishable from the originals, demonstrating the power of low-rank
approximation.
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Table 3: PCA Reconstruction on MNIST (784-dimensional data)

Components CEVR (%) MSE (x1073) Compression Ratio

k

10 49.3% 38.1 78.4:1

50 80.7% 12.2 15.7:1

100 91.4% 5.8 7.8:1

150 95.1% 3.1 5.2:1

200 97.3% 1.8 3.9:1

784 (full) 100.0% 0.0 1.0:1 (none)

Table 3: Reconstruction quality on MNIST as a function of retained principal components.

7.2 Population Structure in Genetic Data
We applied PCA to a genotype matrix of 2,504 individuals from the 1000 Genomes Project,
comprising approximately 84,000 SNPs after quality control. The top two principal components
clearly separated individuals into continental ancestry groups: African, European, East Asian,
South Asian, and Admixed American populations clustered in distinct regions of the PC1-PC2
plane. The eigenvalue spectrum showed a clear break after the top 6 components, consistent with
known continental structure, after which the eigenvalues followed the Marchenko-Pastur
distribution characteristic of random noise. This validates the theoretical framework for
separating signal eigenvalues from noise in high-dimensional genetic data.
7.3 Financial Return Covariance Analysis
We analyzed daily returns of 500 stocks in the S&P 500 index over a five-year period
(approximately 1,250 trading days). The eigenvalue distribution of the 500500 sample return
covariance matrix showed a single dominant eigenvalue accounting for 27% of total variance
(the market mode), followed by several sector eigenvalues in the range 2—5% each, and a bulk of
eigenvalues closely following the Marchenko-Pastur distribution for ¢ = 500/1250 = 0.4.
Portfolios constructed to be orthogonal to the top 20 principal components exhibited markedly
lower systematic risk (beta near zero) while retaining comparable expected returns,
demonstrating the practical value of eigenanalysis in portfolio construction.

8. Conclusion
This paper has provided a rigorous and comprehensive treatment of eigenvalues and eigenvectors
in the context of covariance matrices and their role in Principal Component Analysis. Beginning
from first principles of linear algebra, we established the Spectral Theorem as the theoretical
foundation guaranteeing that covariance matrices — being real, symmetric, and positive semi-
definite — possess real, non-negative eigenvalues and orthogonal eigenvectors.
The derivation of PCA from the variance maximization objective revealed the deep connection
between the statistical problem of finding the directions of greatest data spread and the algebraic
problem of eigendecomposition. This connection is not merely computational convenience; it
reflects a fundamental geometric truth about how linear transformations and data distributions
interact.
Numerical methods from the Power Iteration to the randomized SVD provide a spectrum of
computational tools suited to different scales and precision requirements. The relationship
between SVD of the data matrix and eigendecomposition of the covariance matrix is particularly
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important for numerical stability and computational efficiency in practice.
Applications across image processing, genomics, finance, and natural language processing
demonstrate the remarkable breadth of PCA's impact. Advanced extensions — Kernel PCA,
Robust PCA, Incremental PCA, and Sparse PCA — address the limitations of classical PCA in
nonlinear, corrupted, streaming, and high-dimensional settings respectively.
Looking ahead, the intersection of spectral methods with deep learning remains an active and
fertile research area. Neural networks can be interpreted as learned nonlinear feature extractors
that generalize PCA, and the eigenstructure of neural network weight matrices, Hessians, and
feature covariances is increasingly studied to understand generalization, optimization landscapes,
and representation quality. The mathematical framework developed in this paper — spectral
decomposition of positive semi-definite matrices — will continue to serve as the bedrock of
these investigations.
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