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Abstract

The n-queens Problem, introduced in 1850 by Carl Gauss, the problem requires us to find the

placement of N queens on an NXN chessboard such that no queen is attacking the other. This

paper mainly composed of following problems: 1. To evaluate all the solutions for given

number of queens. 2. Ranking Function: For given solution, to find rank or index of that

solution in set of solution space. 3. Un-ranking Function: For given index find that solution in

set of solutions.

We have covered these problems in this, we have conducted an extensive study on these

problems and realised that no simple formula is there to solve these problems.

I.  There are many algorithms to generate all the solutions of n-queens problem, but in this
paper we have considered backtracking.

Il.  Ranking function: Ranking function states that to find index of solution in set of all
solution.

1. Un-ranking function: un-ranking function states that to find particular solution for

particular index.

I will discuss definition of n-queens problem, its relationship with CSP and history, various

method of solving n-queens problem, normal method to find ranking and un-ranking function,

at last we will discuss new concept of ranking and un-ranking function respectively.

Keywords- N-queens Problem, Ranking Function-ranking Function, Constraint Satisfaction

Problem, Euler Project 24.

Introduction

The n-queens problem is a generalized form of 8-queens problem, proposed by the chess player

Max Bezel. In 8- queen problem, 8 queens are required to be placed on an 8x8 chess board in

such a way that no queen attacks any other queen. A queen can move in horizontal (in the

same row), vertical (in the same column) and diagonal direction. Also, an n-queens problem

must follow the following rules:

1. There is at most one queen in each column.

2. There is at most one queen in each row.
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3. There is at most one queen in each diagonal.
The 8-queens problem is computationally very expensive since the total numbers of possible
arrangements of queen are 64! /(56! x 8!) ~ 4.4 x 10° and the total number of possible solutions
are 92.
Literature review
N-Queens and CSP
We can represent the n-queens problems as a constraint satisfaction problem. A Constraint
Satisfaction Problem consists of 3 components: 1. A set of variables. 2. A set of values for each
of the variables. 3. A set of constraints between various collections of variables.
In n-queens
No queen can attack any other queen.
Given any two queens Qi and Qj they cannot attack each other.
Now we translate each of these individual conditions into a separate constraint.
Qi cannot attack Q; (i #j)

e Qiisaqueen to be placed in column i, Q; is a queen to be placed in column j.

e The value of Qj and Q; are the rows the queens are to be placed in.
Queens can attack each other

e Vertically, if they are in the same column, this is impossible as Qi and Q; are placed in

different columns.
e Horizontally, if they are in the same row, we need the constraint Qi#Q);.
e Along a diagonal, they cannot be the same number of columns apart as they are rows
apart, we need the constraint |i-j| #/Qi-Qj|

A solution to the n-queens problem will be any assignment of values to the variables Qg,...,Qn
that satisfies all of the constraints
A Brief History
In 1848 chess player Max Bezel proposed the 8-queens problem and since then many
mathematicians including Gauss, have worked on this problem and its generalized form i.e. n-
queens problem. The first solution to the 8-queens problem was found out by Franz Nauck in
1850. Nauck later extended this problem to n-queens (placing n queens on an nxn chessboard
such that no queen attacks any other queen using the standard moves). In 1874 S. Gunther
proposed a method of finding solutions by using determinants and J.W.L. Glaisher refined this
approach. Alternatively, search-based algorithms have been developed. For example, a
backtracking search, an algorithm generates all possible solution of a given nxn board (Bitner
and Reingold, 1975 and Purdom and Brown, 1983).
Application of N-Queens Problem
The n-queens problem is really a puzzle but, surprisingly, there are some practical applications
such as parallel memory storage schemes, VLSI testing, traffic control, and deadlock
prevention.
Various Methods of Solving N-Queens Problem
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Currently various methods are available to solve it as A Novel Method for Solving N-Queens
Problem, [6], Solution of N-Queens Problem Using Genetic Algorithms, Minimal Conflict
Algorithms, Solving N-Queen Problem by Backtracking

Methodology

Process for Generating Solutions

Input- Number of queens.

Output- All possible solutions.

Take input as no of queens;

If no of queens is either 0 or 1 or 3

Return no solutions;

Else

Solutions exist;

If Solution Exist

Take first row

Check each column,

If any column of this row is safe

Mark it as solution and go to next row

Continue this process till next safe place,

If there is no safe place in this row

Come back to previous row and check next column of this row

Continue this process until no of marks position is equal to number of queens and print this
solution,

This is the first solution, for next solution continue this process from position of next queen.
Process for Finding Solution for Given Index

Store all possible solution in a character array;

Take input index of solution

Go to proper place of array

Print NxN elements of character array

This is required solution

Example: Find 6" solution of 5 queens problem.

First store all possible solution of 5 queens problems in array bJ ]

1 (31512141 (425324 |1 |3 |5|2|5]|3[1(4(3|1]|4

[
LA

AN VAN J J J

Y Y Y ' -
Now count 6" block of b[ ] which is (3,5,2,4,1) is required solution.
Process for Finding Index for Given Solution
Take input solution in a character array a[ |];
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Compare N character of already stored solution and input solution;

If NxN elements are all equal

This is required result

If any one of the NxN elements do not match this means this is not a required solution
Go to next NxN elements comparison.

Example: Find rank of (3,5,2,4,1) in set of 5 queens solutions.

First, we will take array a[5]

3[5]2]4]1]

Now we will store all solution of 5 queens problem in array b[50];

us

N )\ ) ) ) '€
N Y NG N
Letamap f:SCJ N defined by
f(n,Si) =T-t+s

were
n = Number of queens. Sj =any solution of N queens problem. T=Rank of S; in the set of
lexicographic permutation of 1,2,3......n. t=number of smaller permutation than Si. s=Number
of solutions in smaller permutation.
There are two rules to check for solution:
Rule 1:
If difference between any two consecutive numbers is 1 then that permutation cannot be
solution otherwise may be solution.
Example- check (2, 1, 4, 3) can be solution or not. Here difference between first number 2 and
second number 1 and absolute difference |2-1|=1, this shows that (2,1,4,3) cannot be a solution.
Rule 2
If difference between element and difference between corresponding indexes is same then that
permutation is also not solution otherwise it is solution.
For above example

Possible solutioniis.....3 1 5 2 4

INdeX iS......covvvveereennen. 12345

Difference is ............... |3-5|=2
|1-3|=2

Hence (3,1,5,2,4) cannot be solution.
Take another example check (3,1,4,2) is solution or not
Solution is ....... 31 4 2
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Index is ............ 1 2 3 4
Differences:

[3-11#1-2 | 13-4 #1-3]  [3-2[# |1-4|
|1-4] #2-3] |1-2[ # [2-4|

|4-2] #3-4]

From the above observation we can see those differences between numbers and their
corresponding indices is not equal, this shows that this is one solution.
Rank of Permutation in Lexicographic Order
There is n! Permutation of (1,2,3......... n), if we generate this permutation in lexicographic order
by Euler Project 24, then we can assign a number to each of them.
For example, 24 permutations of (1,2,3,4) in which (1,2,3,4) ranked as 1, (1,2,4,3) ranked as 2,
(1,3,2,4) ranked as 3 and so on, at last (4,3,2,1) ranked as 24.
Now our aim is to find rank of any permutation. Suppose we have to find rank of (3,1,4,2).
3 1 4 2
Now we find total number of smaller numbers for each digit here for 3—2, 1-0, 4—1, 2—0
2 01 O
31 21 11 0o!
Sum= 2X3! + 0X2! + 1X1! + 0XO0!
=12+0+1+0 =13
Rank =13+1 =14
i.e. (3,1,4,2) will come at 14™ position.
Un-Ranking Function
Means if rank of solution is given, then we have to find that particular solution. For example,
8 queens problem has total 92 solutions, suppose you want to find 10" solution, then a function
which find 10" solution among those 92 solutions is called un-ranking function. Suppose n is
number of queens, r is rank for which solution is to be find then a function f
f:S—>N
Where S is the set of number of all solution, 1,2 .... ,92 in case of 8 queens.
N is set of natural number from 1 to factorial of n. n is fixed.
Function f is defined by
f(n,r)=i
Means that r'" solution is i permutation of (1,2,....n). Where i is defined as

{ Checked, if count=r
i_

Not exist. checked = n!
Where count = count permutation which is solution.

Checked = all checked permutation until count=r;
Result & Discussion
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Number | Total number of | Number of queens | Total number  of
of queens | solutions solutions

1 1 14 365596

2 0 15 2279184

3 0 16 14772512

4 2 17 95815104

5 10 18 666090624

6 4 19 4968057848

7 40 20 39029188884

8 92 21 314666222712

9 352 22 7016442691008

10 724 23 24233937684440
11 2680 24 227514171973736
12 14200 25 2207893435808350
13 73712

When we implement the ranking and un-ranking function in real environment, we find desired
result as for 8 queens problem, for solution (7,2,6,3,1,4,8,5) rank is 79. In similar way for 10
queens problem, 100th solution is (2,8,10,4,1,5,9,6,3,7) & for 15 queens problem, 100th
solution is (1,3,5,12,9,11,14,7,15,13,2,8,6,4,10).
As increasing number of queens, the storage of computer overflows is main constraints for
finding solutions. It may overcome as the computational power increases day by day.
Conclusion
N-queens problem is very interesting program among computer programmer as well as
mathematician; there are several methods to solve this problem like Novel method, Genetic
Algorithms, Ant Colony Optimization, backtracking etc. But there is no method for ranking
and un-ranking function; in this project my work is to find a way to find ranking and un-ranking
function. Since to develop these functions | need all solutions of n-queens problem in
lexicographic order, so | have used Backtracking method to solve n-queens. To generate
permutation of (1,2,3,4......n) | have used a new technique which is dependent on project Euler
24 which is very efficient to find i permutation directly among all n! Permutations. Also, |
have found two rules by applying which we can easily find that i permutation is solution of
n-queens problem or not. In old method it is used very simple concept in which all solutions of
n-queens problem are stored in an array and we can reach at desired place by counting all block,
one block means one solution, but in new method | have used lexicographic order of
permutation which is easy to understand and easy to implement. Finally, I have written two
functions ranking and un-ranking function respectively.
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